The Dirac method treatment for finite dimensional singular systems with weakly vanishing Hamiltonin leads to obtain the equation of motion in terms of Parameter τ . To obtain the correct equations of motion one should use gauge fixing of the form τ −f (t) = 0. It is shown that the canonical method leads to describe the evolution in both standard and constrained finite dimensional systems with weakly vanishing Hamiltonian in terms of the physical time t, without using any gauge fixing conditions. Besides the operator quantization of these systems is investigated using the canonical method and it is shown that the evolution of the state Ψ with the time t is described by the Schrödinger equation i ∂Ψ ∂t =ĤΨ. The extension of this treatment to infinite dimensional systems is given. *
Introduction
The canonical method [1] [2] [3] [4] gives the set of Hamilton -Jacobi partial differential equations [HJPDE] as H ′ α (t β , q a , ∂S ∂q a , ∂S ∂t a ) = 0, α, β = 0, n − r + 1, ..., n, a = 1, ..., n − r,
where
and H 0 is defined as H 0 = p a w a + p µqa | pν =−Hν − L(t, q i ,q ν ,q a = w a ), µ, ν = n − r + 1, ..., n.
The equations of motion are obtained as total differential equations in many variables as follows:
α, β = 0, n − r + 1, ..., n, a = 1, ..., n − r where Z = S(t α ; q a ). The set of equations (4-7) is integrable [3, 4] if
dH ′ µ = 0, µ = n − r + 1, ..., n.
If conditions (8) and (9) are not satisfied identically, one considers them as new constraints and again testes the consistency conditions. Hence, the canonical formulation leads to obtain the set of canonical phase space coordinates q a and p a as functions of t α , besides the canonical action integral is obtained in terms of the canonical coordinates.The Hamiltonians H ′ α are considered as the infinitesimal generators of canonical transformations given by parameters t α respectively.
For the quantization of constrained systems we can use the Dirac's method of quantization [5, 6] . In this case we have
where Ψ is the wave function. The consistency conditions are
where [, ] is the commutator. The constraints H ′ α are called first-class constraints if they satisfy
In the case when the Hamiltonians H
with C µν do not depend on q i and p i , then from (11) there arise naturally Dirac' brackets and the canonical quantization will be performed taking Dirac's brackets into commutators. On the other hand, The path integral quantization is an alternative method to perform the quantization of constrained systems. If the system is integrable then one can solve equations (4) (5) (6) to obtain the canonical phase-space coordinates as
then we can perform the path integral quantization using Muslih method [7] [8] [9] [10] with the action given by (7) . The aim of this paper is to to discuss the meaning of the time evolution in constrained systems with vanishing Hamiltonian.
Even though systems with this property are treated in literature [5, 6, 11, 12] , there exists ambiguity in describing the significance of the time. For example some [13] claim that the standard Hamiltonian dynamics expresses the evolution in terms of the clock time t, while the systems with vanishing Hamiltonian describe the evolution in terms of another parameter time τ . The canonical method [1] [2] [3] [4] removes this ambiguity since we have more than one Hamiltonian,which leads us to obtain the equations of motion as total differential equations in my variables.
Now we will obtain the equations of motion for four constrained systems with vanishing Hamiltonians and demonstrate the fact that the dynamical variables are obtained in terms of time (x 0 = t) without using any gauge fixing conditions.
examples
The procedure described in section 1 will be demonstrated by the following examples:
A) Let us consider a system with th action integral as
where L is a regular Lagrangian with Hessian n. Parameterize the time t → τ (t), withτ = dτ dt > 0. The velocitiesq i may be expressed aṡ
Denote t = q 0 and q µ = (q 0 , q i ), µ = 0, 1, ..., n, then the action integral (15) may be written as
which is parameterization invariant since L is homogeneous of first degree in the velocities q ′ µ with L given as
The Lagrangian L is now singular since its Hessian is n. The generalized momenta conjugated to the generalized coordinates q µ are defined as p
Therefore the i-th component is
and the zeroth component is
Since L is regular, one can solve (21) forq i in terms of terms of p i andq 0 as followsq
Substituting (23) in (22), one has
The primary constraint is
where H t is defined as
Calculation show that the canonical Hamiltonian
vanishes identically. The canonical method [1] [2] [3] [4] leads us to obtain the set of Hamilton -Jacobi partial differential equations as follows:
Since dH
vanishes identically, this system is integrable and the canonical phase space coordinates q i and p i are obtained in terms of the time (q 0 = t).
Till now we have discussed the Hamiltonian systems at the classical level. Quantization of system (15) can be achieved by means of path integral which we have discussed in reference [7] , or the operator methods. We will deal with the later.
For Dirac quantization [5, 6] of constrained dynamical systems, one takes the constraints equation as an operator whose action on the allowed Hilbert space vectors is constrained to zero, i., e., H ′ t ψ = 0, we obtain
the ordinary Scrödinger equation. The resulting quantum theories are identical using either of the two-Lagrangians (15) or (16). B) As a second example, let us consider a regular system with one-dimensional Lagrangian
where,q = dq dt . Replace the time by an arbitrary paremetrization t = t(τ ) [10, 13] , we obtain the two dimensional Lagrangian
. The Lagrangian L is singular since its Hessian is 1.
The generalized momenta p (τ ) q and p t are given by
Since the rank of the Hessian is one we have one primary constraint as
The canonical Hamiltonian which is obtained as
vanishes identically. We get the set of Hamilton-Jacobi partial differential equations as follows;
The equations of motion are obtained as total differential differential equations as follows:
Since dH ′ t = dp t + p q dp q + (
vanishes identically, eqs. (44-46) are integrable and one obtains the dynamical variables q and p q in terms of the physical time t. Using the quantization procedure described in section 1, we obtain
which is the Schrödinger equation for linear harmonic oscillator.
Relativistic particle
In this section we shall use the canonical method [1] [2] [3] [4] to obtain the equations of motion for a relativistic particle of charge e in an external electromagneticthis system and for a free relativistic particle. A)Let us consider the action for a relativistic charged particle in an external field as
where the Lagrangian L is given by
and g µν = diag(1, −1, −1, −1). The momenta conjugated toq µ are
Hence, the zeroth component p 0 and the ith component p i are given as
Since the rank of the Hessian matrix is three, one can solve (53) to obtain the velocitiesq i in terms ofq 0 , p i and A i aṡ
where k i is defined as
Substituting (54) in (52) one gets
Now the primary constraint is given as
The canonical Hamiltonian (3) can be written as
Explicit calculations show that H vanishes identically and lead to
Equations (57) and (59) lead us to obtain the set of Hamilton-Jacobi partial differential equations as follows
The equations of motion are obtained as total differential equations as follows
In order to have a consistent theory, one should consider the total variation of H ′ and H ′ 0 . Since H ′ vanishes identically, we shall consider only the total variation of H ′ 0 . In fact
(dp i + e c dA i ) + dp 0 + e c dA 0 .
Making use of equations (62-67), one gets
Since the variations of H ′ and H ′ 0 are identically zero, no further constraints arise. Hence, the equations of motion are integrable and the canonical phase space coordinates are obtained in terms of parameter q 0 .
We can use the quantization procedure discussed in previous sections to obtain
To obtain the equations of motion for a free relativistic particle we can use the results obtained in section A, but instead we consider no interaction with external field (A µ = 0). In this case the equations of motion are obtained as
Equations (71-76) are integrable [7] . Hence, we obtain
and
where a i and c i are arbitrary constants. So integration of (72) will give
where α i are constants. Again as for the relativistic charged particle we can quantize this system to obtain
4 Hamilton-Jacobi treatment of the field systems
The Hamilton-Jacobi treatment for finite dimensional systems which are discussed in previous sections will be extended to the field theory. Let us consider the action of this theory as
where L is a regular Lagrangian density. Introduce D + 1 parameters T a , with det | ∂T a ∂t b |> 0, and treat the t a on the same footing as the original field φ A . The action (81) is now reads as
The action (82) is invariant under parameterization T → T ′ (T ). Now the Lagrangian L T is singular since it is linear in the velocities ∂t a ∂T 0 . The momenta are now
Since L is regular, one can solve (85) for 
Hence, the primary constraint is
Besides the canonical Hamiltonian H T is defined as
Calculations show that H T vanishes identically. Now we would like to obtain the equations of motion for this system using the canonical method [1] [2] [3] [4] . Making use of equations (88) and (90), one obtains the set of Hamilton-Jacobi partial differential equations as
The equations of motion are obtained as total differential equations as follows:
Since
vanishes identically, the set of equations (93-95) is integrable and the canonical phase space coordinates φ A and π A are obtained in terms of t a . To obtain the path integral quantization for this system, we can use the canonical path integral formulation discussed in references [7] [8] [9] [10] . Making use of (7), the canonical action integral is calculated as
Then the path integral integral for the field system is given as
Integrating over π A gives
Conclusion
In this work we use the canonical method to investigate the significance of time for constrained systems with weakly vanishing Hamiltonian. For these systems we obtain the dynamical variables in terms of physical time t without fixing any gauge. In general, the determination of the Hamiltonians H ′ α is the crucial step. If the system is integrable (Jacobi system), then the equations of motion are obtained in terms of t α .
for the first and the second example, the equations of motion are obtained in terms of two parameters τ and t. However, since the Hamiltonian H ′ vanishes identically, the parameter τ doe not appear in the equations. Hence, any parameter can be replaced by τ and one can use t as evolution parameter without losing the Hamiltonian structure of the equations of motion.
Besides, as for the first two examples, without fixing any gauge, the equations of motion for a relativistic particle discussed in section 3 are obtained in terms of parameter q 0 .
In section 4 we have obtained the equations of motion for field systems using the Hamilton-Jacobi method. In general, continuous systems (fields) are treated as systems with infinite degrees of freedom. The Lagrangian density is defined and the usual variational principle technique is used to obtain the equations of motion. the quantities t a = x, y, z, t are completely independent indices of the theory. However, using the parameterization t a → T a to these theories leads to obtain the equations of motion in terms of t a and T a . Moreover, since the Hamiltonian H ′ T vanishes identically, the canonical phase space coordinates φ A and π A are obtained in terms of t a and the parameters T a do not appear in the equations of motion. On the other hand the path integral for this system is obtained as an integration over the canonical phase space coordinates φ
A and π A without using any gauge fixing conditions. As a conclusion it is obvious that the canonical method leads to obtain the dynamical variables for finite dimensional systems with weakly vanishing Hamiltonian in terms of the time t without using any gauge fixing conditions. The extension of this treatment to field systems leads to obtain the equations of motion in terms of parameters t a and the number of independent parameters depend on the Hessian and the integrability conditions.
The operator quantization for the above system is obtained using the Hamilton Jacobi method without using any gauge fixing conditions. In this case the evolution of the state Ψ is described by the Schrödinger equations (i 
